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XXV. Of Cubic Equations and Infinite Series. 
By Charles Hutton, LL.D. F. R. S. 


Read June i, 1780. 


rip h E following pages are not to be underftood as in- 
-* tended to contain a complete treatife on cubic 
equations, with all the methods of folution that have 
been delivered by other writers; but they are chiefly 
employed on the improvements of fome properties that 
were before but partially known, with the difcovery of 
feveral others which to me appear to be new and of no 
fmall importance: for I have only {lightly mentioned 
fuch of the generally known properties as were neceflary 
to the introduction or inveftigation of the many curious 
confequences herein deduced from them. 

Art. 1. Every equation, whofe terms are exprefled in 
Ample integral powers, has as many roots as there are 
dimenfions in the higheft power. And when all the 
terms are brought to one fide of the equation, and the 
Vol. LXX. Fff coefficient 
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388 Dr. hutton on Cubic Equations 

coefficient of the firft term or higheft power is +1, 
then the coefficient of the fecond term is equal to the 
fum of all the roots with contrary figns; the coefficient 
of the third term is equal to the fum of all the products 
made by multiplying every two of the roots together; the 
coefficient of the fourth term, to the fum of all the pro¬ 
ducts arifing from the multiplication of every three of 
the roots together; &c. and the laft term, equal to the 
continual product of all the roots; the figns of all of 
them being fuppofed to be changed into the contrary 
figns before thefe multiplications are made. All this is 
evident from the generation of equations. And from 
thefe properties of the coefficients the following de¬ 
ductions are eafily made. 

If the figns of all the roots of an equation be 
changed, and another equation be generated from the 
fame roots with the figns fo changed; the terms of this 
laft equation will have the fame coefficients as the for¬ 
mer, only the figns of all the even terms will be changed, 
but not thofe of the odd terms; for the coefficients of 
the fecond, fourth, and the other even terms, are made 
up of products confifting each of an odd number of fac¬ 
tors; while thofe of the third, fifth, and other odd terms 
are compofed of products having an even number of 
factors : and the change of the figns of all the factors 
3 produces 
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produces a change in the fign of the continual produdfc 
of an odd number of factors, but no change in the fign 
of that of an even number of factors. Wherefore, 
changing the figns of all the even terms, namely, the 
fecond, fourth, 8tc. produces no alteration in the roots, 
but only in their figns, the pofitive roots being changed 
into negative, and the negative into pofitive. But by 
changing any or all the figns of the odd terms, the equa¬ 
tion will no longer have the fame roots as before, but 
will have new roots of very different magnitudes from 
thofe of the former, unlefs the fign of the firft term 
or higheft power is changed alfo; but this term is always 
to be fuppofed to remain pofitive. 

3. It alfo follows, that when any term is wanting in 
an equation, or the coefficient of any term equal to o, 
the fum of the negative products in the coefficient of 
that term is equal to the fum of the pofitive products in 
the fame. And if it be the fecond term which is want¬ 
ing, then the equation has both negative and pofitive 
roots, and the fum of the negative roots is equal to the 
fum of the pofitive ones. But if it be the laft term 
which is wanting, then one of the roots of the equation 
is equal to nothing. And hence arifes a method of trans¬ 
forming any equation into another which fhall want the 
Second term: and to this latter ftate it will be proper to 

F f f a transform 
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transform every cubic equation before we attempt the 
refolution of it. 

4. Let therefore x % + p x — q be fuch a cubic equation 
wanting the fecond term, where p and q reprefent any 
numbers, pofitive or negative. 

5. Now from the premifes it follows, that this equa¬ 
tion has three roots; that fome are pofitive, and others 
negative; that two of them are of one affedlion, and are 
together equal to the third of a contrary affection, 
namely, either two negative roots, which are together 
equal to the other pofitive, or two pofitive roots equal to 
the third negative. 

6. But the ligns of the three roots are eafily known 
from the fign of the quantity q ; the fign of the greateft 
root being the fame with the fign of q when this quan¬ 
tity is on the right-hand fide of the equation, and the 
other two roots of the contrary fign. For when q is on 
the fame fide of the equation with the other terms, it has 
been obferved, that it is always equal to the continual 
product of all the roots with their figns changed; confe- 
quently q is equal to the product of all the roots under 
their own figns, when that quantity is on the other or 
right-hand fide of the equation: but the product of the 
two lefs roots is always pofitive, becaufe they are of the 
fame affection, either both + or both —; and therefore 

I this 
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this product, drawn into the third or greateft root, will 
generate another product equal to q, and of the fame 
affection with this root. 

7. But the roots of equations of the above form are 
not only pofitive, negative, r nothing, hut fometimes 
alfo imaginary. We have fo id that the greateft root is- 
pofitive when q is pofitive, and negative when it is nega¬ 
tive; as alfo that one root is = to o when q is = o, and in 
this cafe the other two roots muft be equal to each other, 
with contrary figns. But to difcover the cafes in which 
the equation has imaginary roots, as well as many other 
properties of the equation, it will be proper to confider 
the generation of it as follows. 

8. The roots of equations becoming imaginary in 
pairs, the number of imaginary roots is always even; 
and therefore the cubic equation has either two imagi¬ 
nary roots, or none at all; and confequently it has at 
leaft one real root. Let that root be reprefented by r, 
which may be either pofitive or negative, and may be 
any one of the real roots, when none of them are ima¬ 
ginary : then fince any one of the roots is equal to the 
fum of the other two with their figns changed, the other 
two roots may be reprefented by - j r ± fome other 
quantity, fince the fum of thefe two, with the figns 
changed, is = r. Now this fupplemental quantity, which 
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is to be connected with — j r by the figns + and — to 
compofe the other two roots, will be a real quantity 
when thofe roots are real, but an imaginary one when 
they are imaginary, fince the other part (- \ r ) of thofe 
two roots is real by the hypothelis. Let this fupplemen- 
tal quantity be reprefented by e when it is real, or es/— i 
ox s/—e l when it is imaginary: we lhall ufe the quantity 
e in what follows for the real roots; and it is evident, 
that by changing e for es/ — i, or e* for — £*, that is, by 
barely changing the lign of e 1 wherever it is found, the 
expreffions will become adapted to the imaginary roots. 
Hence then the three roots are reprefented by r, and 
-^r + e, and - \r - e ; and confequently the three equa¬ 
tions, from whofe continual multiplication by one ano¬ 
ther the cubic equation is to be generated, will be 
x - r - o, and x + \r - e - o, and x + \r + e — o. 

9. Let now thefe three equations be multiplied 
together, and there will be produced this general cu¬ 
bic equation wanting the fecond term, namely, 
x* zfi* x - r .jr 1 - e* = o, or a: 3 I** 1 x = r.- e x y hav¬ 
ing three real roots ; and if the fign of e 1 be changed 
from - to +, it will then reprefent all the cafes which, 
have only one real and two imaginary roots: and from 
the bare infpedtion of this equation the following pro¬ 
perties are ealily drawn. 


10. Firf?\ 
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10. Firft, we hence find, that when the equation has 
three real roots, the fign of the fecond term is always -; 
for the coefficient of that term, or p is = - -| r 1 - e* y 
which is always negative when r and e are real quanti¬ 
ties. And corifequently when p is pofitive, the equation 
has two imaginary roots, fince —p includes all the cafes 
of three real roots. But it does not therefore follow, 
that when p is negative, the three roots are always real; 
and indeed there are imaginary roots not only whenever 
p is pofitive, but fometimes alfo when p is negative: for 
fince p is = - \ r* - e 1 in all the cafes of three real roots, it 
will be p-~ \r l + e 1 for all the cafes of two imaginary 
roots; and it is evident, that p will he either pofitive or 
negative, according as e* is greater or lefs than fr\ 

11. But to find the cafes of -p when the roots are all 

real, and when not, will require fome farther confidera- 
tion; and in order to that it muff be obferved, that e % 
ought to be pofitive and lefs than | r *; but the limit be¬ 
tween the cafes of real and imaginary roots is when e*=o t 
ore = o; and then p becomes = - f r% and q - \r r ; con- 
fequently then -^r\ which is =!?*= 

= •— r 6 , that is, when e is = o, then is = , and con- 

quently when \p? is lefs than Jq'\ the equation has two 
imaginary roots, otherwife none, the fign of p being 

Thus 
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Thus then we eafily perceive in all cafes the nature of 
theroots as to real and imaginary; namely, partly from the 
fign of />, and partly from the relation of p to q: for the 
equation has always two imaginary roots when p is pofi- 
tive; it has alfo two imaginary roots when p is negative, 
and jjp* lefs thanTyl ; in the other cafe the roots are all 
real, namely, when p is negative and jp 3 either equal to 
or greater than^ . 

12. Moreover, when pis = o, the equation has two 

imaginary roots; for this cannot happen but by —e z be¬ 
coming + <?% in the value of p , and = to |r 2 ; and then 
p~-\r z + e z - - | r ' 1 + |r 2 = o, and q = T.^r z + e z =- 
r. -r 1 + - r. r % — r 3 , and confequently the above 

becomes barely * 3 = r 3 , which therefore, befides one real 
general equation root x — r, has alfo two imaginary roots. 

13. Hence alfo it again appears, that the greateft root 
is always of the fame affedtion, in reipedt of politive and 
negative, with q on the right- hand fide of the equation, 
they being either both pofitive or both negative toge-r 
ther; and the other two roots of the contrary fign. For 
if r be the greateft foot, then is \r greater than e, and 
\r z greater than e z , and ’ r* - e* always pofitive, and con¬ 
fequently the product r . ^ r l - e 1 , or q, will have the fame 
fign with r. But if r be one of the lefs roots, the con¬ 
trary 
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trary of this will happen; for then \r is lefs than e, and 
confequently \r r lefs than 2% and fo ^ r 2 - e % a negative 
quantity,and therefore the product r. \r z - e\ or q, will 
have the fign contrary to that of r ; that is, q and the lefs 
roots have different figns, and confequently q and the 
greateft root the fame fign, lince the fign of the greateft 
root is always contrary to that of the other two roots. 

14. Moreover, when q ov r . ±r z - e* is pofitive, then r 
denotes the greateft root; for then ^ r 2 is greater than 
or ~r greater than e, and r greater than either -\r + e or 
~\r - e. But when q or r . \r z - e z is negative, then r re- 
prefents one of the other two roots in the equation; 
fince then e is greater than |r, and ~\r - e greater than 
r. Laftly, when q is between the pofitive and negative 
lfates, or q=o, then r ought to be neither the greateft 
nor one of the lefs roots, if I may fo fpeak, that is, two 
of the l'oots are equal, and the third root = o, fince then 
\f- muft be = e z y or \r — e. 

15. Hence it appears, that the fign of p determines 
the nature of the roots as to real and imaginary, and the 
fign of q determines the affediion of the roots as to pofi¬ 
tive and negative. Let us illuftrate thefe rules by a few 
examples. 

16. The equation x % - 9 x - 10 has all its three roots 
real, becaufe p — - 9 is negative, and |^! ! = 3 s = 27 is 

Vol. LXX. G g g greater 
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greater than Jq}\ which is = 5 1 = 25; and the greateft of 
the roots is pofitive, becaufe q - 10 is pofitive; and the 
two lefs roots negative. 

17. The equation x 3 - gx = - 10 has the fame three 
real roots as the former, but with the contrary iigns, the 
fign of the greateft root being now negative, becaufe 
q = - 1 o is negative. 

18. But the equation x 3 + gx — has only one 
real root and two imaginary roots, becaufe p — 9 is pofi- 
tive; and the fign of the real root is + or — according 
as the fign of q or 10 is + or'-. 

19. The equation at 3 + 6^ = ±io has alfo two imagi¬ 
nary roots, and one real root, which is + or - as it is 
+1 o or -1 o, for the fame reafon as before. 

ao. The equation x 3 - 6.r = ±to has alfo two imagi¬ 
nary roots,becaufe^ 3 = 2 3 = 8 is lefs than = 5* =25* 

21. But the equation x 1 - iix = ± 16 has all its roots 
real, becaufe^/>] ’ = 4 3 = 64 is = ~\q' = 8 2 = 64. 

22. And the equation x 3 + 12# = ± 16 has only one 
real root, becaufe p = +12 is pofitive. 

23. Let us now confider the other properties and rela¬ 
tions of the roots arifing from certain alfumed relations 
between e and r, and from confidering e either as real, 
imaginary, or nothing, that is e r as pofitive, negative, or 
nothing. 


24. When 
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44. When e is a real quantity, the general equation, 
is at 3 zY’x - r . -Jr 2 - e\ and all the roots are real. 

45. When e is imaginary, the general equation is 

x = r . and two of the roots are imaginary. 

46. When e is between thefe two ftates, or = o, the 
equation becomes x 1 - \r l x — and the root r — V±p 
= 4/4 q- 2i; for in this cafe p - {r 2 , and q-\r % . 

Alfo the other two roots - ~r * e are each = - 

47. Affume now any general relation between the 
root r and the fupplemental part e of the other two 
roots, as fuppofe r 2 : e z :: 4: n, or e* = ~ or e=-\r \/«, 
where « reprefents either nothing or any quantity whether 
poiitive or negative, that is, pofitive when e and all the 
three roots are real, or negative when e and two of the 
roots are imaginary. Subftitute now ^r l inftead of <e 2 in 
the general equation a; 3 I fi'x = r . { r 2 - e\ and th,at equa¬ 
tion will become a; 3 - £i? fx- t —rK Here then p = 

4 4 

Si ”r% and q = and confequently the root r as 

— \/pz~ n - ~f * -p expreffed in three different ways. 
The other roots, the general values of which are -\r^e 3 
become r l — — n — — \r x 1 n. 

Ggg a a8. Hence 



398 Dr. hutton on Cubic Equations 

28. Hence then in an eafy and general manner we 
can reprefent any form 01* cafe of the general equation, 
with all the circumftances of the roots, by only taking, 
in thefe'laft formulae, any particular number for «, either 
pofitive or negative, integral or fractional, &c. As if 
n — 1; then the equation becomes x z ~r 2 x = £r 3 , or = o, 

the value of e — \r. the root r — \/p- , 3 /— = -- , and the 
2 ? r V o op 

other two roots — ± Vi — — and - ~r. o — —r 

and o. 

29. If n - -1, the equation will be x z - {r*x — ^r 3 ,the 

value of e — \rV -1, the root r — i = \/ 2 p - 1 q, and 

the other two roots — -\r. 1 ± V1 imaginary. 

30. And thus, by taking feveral different values of n t 
pofitive and negative, the various correfponding circum- 
flances and relations of the equation and roots will be 
exhibited as in the following table* 


Forms 




3 i* i u;m 
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31. From the bare infpedtion of this table feveral ufe- 
ful and curious obfervations may be made. And firft if 
appears, that when q is pofitive, as in all the forms aftei 
the 1 ath, r is the greateft root; but when q is negative, 
or in all the cafes to the 1 2th, r is one of the lefs roots. 

32. In all cafes before the 4th form r is the leaft root, 

becaufe or — 2 — f 8cc. is always greater than 1; 

and in all fuch forms I# 1 is lefs than ; but the for¬ 
mer approaches nearer and nearer to an equality with the 
latter till the 4th form, where is become = |pl’, and 
r is then equal to one of the other roots, becaufe 



33. From hence r becomes the middle root, and.con¬ 
tinues fo to the 12th form, where it becomes equal to what 
has hitherto been the greateft root, and the other root 
becomes at this place = o; and has decreafed from 
the 4th form all the way more and more in refpedl of 
±p\ till at this 12th form it has become = o, or infinitely 
lefs than \p l . 

34. From this place r becomes the greateft root, the 
fign of q changes to +, and fagain increafes in refpedl 
of -fp , till at the 13th cafe it becomes again equal to it, 
and the two lefs roots equal to each other, like as at the 
4th form. 

3 


35. From 
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35. From hence becomes greater thanfj? 3 , and 
increafes more and more in refpeft of it, till at the 16th 
ftep where p is = o, or infinitely greater than |j? 3 . 

36. From this place the fign of p becomes +, and 
continually decreafes in refpeft of jp' 3 to infinity. 

37. By help of this table we may find the roots of 

any cubic equation x* *px — q whenever we can affign 
the relation between Vp and ■Vq. For fince one root r is 
always = hl = 5= 3 /—and the other two 

roots = - ±r . 1 =t \/it follows, that if from the 
equation where the two denominators 

under the radicals differ by 4, we can affign the value of 
#, the above formula will give us the roots. 

38. As if the equation be x l — 18# = -27. Here 
p = 18, and q- 27; then = y/| = -v/9 = 3, and 

*J*i = 4/27 = 3 alfo; therefore n + 3 = 8, or n - 1 = 4, 
either of which gives n = 5: confequently, r - 

8| _ 2? _ t jj e middle mot, becaufe — is found 

between the 4th and 12th cafes, which are the limits of 
the middle roots: and - jr.i ±.Vn - - \ . 1 ± \/ 5 = 
4*854x02 and 1*854102 are the greateft and lead: 
roots. Or, thefe two roots may be alfo found in the fame 

manner 
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manner from the table of forms, which contains all the 
roots of every equation, thus: by a few trials I find 
/ At- — 3 /_iL nearly, and therefore 2 °' 9S? = 1*854 is 

the lead root, becaufe here n - 17*95 which lies far 
above the limit for the lead roots, which is at the fourth 
form, where n is = 9. And ladly, - </—- 

nearly, and therefore, = 4*854 is the greated 

root, becaufe is found between the 12th and 12th 

•9143^ o 

forms, which are the limits between which lies the 
greated root of every equation that has all its roots real. 

39. Again, let the equation be a: 3 + 2X = 12. Here 

p = 2, and <7=12; hence s /^ -V2p = = 2, and 

= ^ ~ 2 al ^°> therefore n - 3 = 2, or 
n + x = 6, either of which gives n = 5. Confequently, 
r = - gj = ~ = % = 2, and the other two roots are 

— jr. 1 — s/—n = — 1. I± </- 5 = - I zp v/~5. 

40. But it is only by trials that we find out a proper 
value for n in fuch cafes as thefe; and this is perhaps at¬ 
tended with no lefs trouble than the fearching out one of 
the roots by trials from the original cubic equation itfelf. 
This method of finding the roots would indeed be ef¬ 
fectual and fatisfadtory if we had a diredt method of 

deter- 
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■determining the value of n from the equation = 

rj-hy an equation under the 3d degree; but by re¬ 
ducing this equation out of radicals, there refults ano¬ 
ther cubic equation of no lefs difficulty to refolve than 
the original one. We muft therefore fearch for other 
methods of determining the roots; and firft it will be 
proper to treat of the rule which is called cardan’s. 

41. Let x* + px = q be the general equation where 
p and q denote any given numbers with their figns, pofi- 
tive or negative. And let z +y denote one of the roots 
of this equation, that is, let the root be divided into any 
two parts z and y. Hence then x~z +y, which value 
of x being fubftituted for it in the original equation 
a; 3 + px = <7, that equation will become z l + 3 spy- + 3 zy l 
+y* + p.z +y = q,orz i +j/ 3 + 3 zy.z +y -bp.z +y~q. 
Now on introducing the two unknown quantities z and_y, 
we fuppofed only one condition or equation, namely, 
z+y = x; we are therefore yet at liberty to affume any 
other poffible condition we pleafe: but this other condi¬ 
tion ought to be fuch as will make the equation reduci¬ 
ble to a fimple one, or to a quadratic, in order to obtain 
from it the value of z or y: and for this purpofe there 
does not feem to be any other proper condition belxde 

Vol, LXX. H h h that 
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that which fuppofes $zy to be = - p ; and in confe- 
quence of this fuppofition, the equation becomes barely 
z 3 +y 3 = q. Now from the fquare of this equation let 
four times the cube of zy — - \p be fubtraded, and 
there will remain s 6 - 2Z 3 y 3 +/’ = q 1 + T 4 T p 3 , the fquare 
root of which is s 3 -y 3 = 'Sq* + p 3 ; this laft being 
added to, and fubtraded from, the equation z 3 + y 3 - q y 


we have 


f 


' a a* -q + J q 1 + ±p 3 = q + zs/f?' + jp1\ 

2/ -q~ sj q* + -?-p 3 -q- 2 s/V^ + j?> 
hence dividing by 2, and extrading the cube roots, wO 

= s/lq + s/|? + l/i 1 x iorx - 


have < 


z 


= v 4 «-\/r 


* 9 ' 


x 1 or x 


1 ± 9—3 

2 

1 rp a/—3 


}• the 


three values of z andjy; for every quantity has three dif¬ 
ferent forms of the cube root, and the cube root of 1, 


is not only 1, but alfo - 


1^=3 o r _ »- y-3 


. Hence then 


the three values of z +y or x, or the three roots of the 


equation x 3 + px = q, are + n/J? 1 + I?" X i or 

X- or X- -—- + v ~-q _ sfw + 


- I -*^—3 


or x - 


2 • * * q - v iq' + jp 1 x I or 

- — v/ ~ 3 , where the ligns of \/—3 


muft be oppofite in the values of z and y, that is, when 


it is 


^—3 


in the one, it muft be 


i hF a/—3 
2 


in the other, 
otherwife 
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otherwife their product zy will not be = -}/>, as it ought 
to be. 

4a. Or if we put a = \p, and b-\q , the fame three 
roots will be 

\)b + vV + a? + sjb - 'Sb' 1 + a? = the ift root or r, 

— z J/b+ v't>" -j- . i — V —3 —| •$/b—Vb' + a ‘. 1 + v '—3 the 2d root. 

— 2 \/b+ vV + a 1 . 1 + -/—3-1 s/b—^V+a *. 1 + v'—3 the 3d root. 

43. Or again, the ift root r being 

+ Vp + a? + ^ b - vV + « 3 , the other two will be 

_ j f ^ I Py 4- * 3 — ^—- 2 \/b— *V + a 1 = the 2d root, and 

_ 1 r _ tdSZld/b + b - db l + a‘ =■ the 3d root. 

44. Or, if we put s — \f b + >/VTa\ and d - 

fjb- b z V a\ the roots will be 

$ + ^ = r the ift root, 

_ s + d + s jzA\/— 3 = the 2d root, 

2 2 

_ i±ff - 3 ~ _ \/— 3 = the 3d root. 

2 2 , __ 

45 .The firft of thefe roots a: or r - s + d-^Jb + 'Sb* + a> 

+ Zjb - VP + a\ is that which is called cardan’s rule, 
by whom it was firft publifhed, but invented by fer- 
reus. And this is always a real root, though it is not 

H h h 2 always 
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always the greateft root as it has been commonly 

thought to be. 

46. The firft root r - s + d - \f. b + \/b* + a 1 

+ \J b — ^b 1 + although it be always a real quantity* 
yet often aflumes an imaginary form when particular 
numbers are fubftituted inftead of the letters a and b, or 
p and q. And this it is evident will happen whenever a is 
negative and a % greater than b*, or |p 3 greater than \q ; 
for then + a 1 becomes v'V - cd — sj\qf — j/J 3 the 
fquare root of a negative quantity, which is imaginary. 
And this will evidently happen whenever the equation 
has three real roots, but at no time elfe, that is in all the 
firft 13 cafes of the foregoing table, wherein |/>] 3 is 
greater than fp , and p negative; the 4th and 13th only 
excepted, when ~y is = and therefore v'V _ a 3 = o, 
and two of the roots become equal, but with contrary 
iigns. This root can never aifume an imaginary form 
when a or p is pofitive, nor yet when p is negative and 
fq 1 greater than fp '; for in both thefe cafes the quantity 
Vb 1 ± a 3 is real, or the fquare root of a pofitive quantity. 
And thefe take place after the firth 13 cafes of the table 
of forms, that is, in all the cafes which have only one 
real root. So that this rule of cardan’s always gives the 

root 
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root in an imaginary form when the equation has no 
imaginary roots, but in the form of a real quantity when 
it has imaginary roots. 

47. It may, perhaps, feem wonderful that cardan’s 
theorem fhould thus exhibit the root of an equation un¬ 
der the form of an imaginary or impoflible quantity al¬ 
ways when the equation has no imaginary roots, but at 
no time elfe; and it may juftly be demanded what can 
be the reafon of fo curious an accident. But this feem- 
ing paradox will be cleared up by the following eonfi- 
deration. It is plain, that this circumftance muft have 
happened either through fome impropriety in the man¬ 
ner of deducing the values of z and_y from the two 
affumed equations x = z + y, and zy = - }/>, or elfe by 
fome impoflibility in one of thefe two conditions them- 
felves; but, on examination, the deductions are found to 
be all fairly drawn, and the operations rightly per¬ 
formed. The true caufe muft therefore lie concealed in 
one of thefe two conditions x - z + y and zy — — jp. In 
the firft of them it cannot be, becaufe it only fuppofes 
that a quantity x can be divided into two parts z and y y 
which is evidently a poflible fuppofition: it can therefore 
no where exift but in the latter, namely, zy - — \p. Now 
this fuppofition is this, that the produdt of the two parts. 
z andjK, into which the conftant quantity x is divided, is 

equal 
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equal to \p with its fign changed. But this may always 
take place when p is pofitive; for then ~ \p will be ne¬ 
gative, and two numbers, the one pofitive and the other 
negative, may always be taken fuch that their product 
lhall be equal to any negative number whatever, and yet 
their fum be equal to a given quantity x ; and this is done 
by taking the pofitive one as much greater than x as the 
other is negative; for thus it is evident the pofitive and 
negative numbers may be increafed without end: where¬ 
fore there is no impoffibility in the fuppofition when p is 
pofitive; and therefore then the formula ought to exhi¬ 
bit only real quantities, that is, in all the cafes after the 
16th in the table of forms, as we have before found. 
But the fame thing cannot always happen when p is ne¬ 
gative, or — j p - zy is pofitive: for that zy may be pofi¬ 
tive, the figns of the two factors z and y mull be alike, 
either both + or both -, that is, both + when the fign 
of x is +, or both - when that is - : but it is well known, 
that the greateft product which can be made of the two 
parts into which a conftant quantity x may be divided, is 
when the parts are equal to each other, or each equal \x t 
and therefore the greateft product is equal orjx *: 

wherefore if be equal to or greater than — jp, the 
condition which fuppofes that zy is = — ~p, is pollible, 
and the formula ought to exprefs the root by real quan¬ 
tities 
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tities only, otherwife not; but ^x 1 , or \r' 1 i which is the 

fame thing, is always lefs than - \p in the firft thirteen 

cafes of the table of forms; and therefore in all thefe cafes, 

_ / 7 

which are thofe in which J/>V is greater than or all 
thofe which have three real roots, the formula ought to 
exhibit the root with imaginary quantities, as we have 
before found to happen; the 4th and 13th cafes only 
excepted, in which is = , and therefore the quan¬ 

tity s/d 1 - a 3 vanifhes, and two of the roots are equal. 

48. Thus then the real caufe of this circumftance is 
made manifeft, and it is found to be the neceifary confe- 
quence of the arbitrary hypothelis which was made, 
which is found to be poflible only in certain cafes. So 
that we cannot expert the formula to exhibit a real quan¬ 
tity in the other cafes, lince an impoffible hypothelis 
muft needs lead to an abfurd conclulion. 

49. The other two roots - ± s/ —3 in their 

general llate appear in an imaginary form; but on the 
fubftitution of numbers for the letters in any example, 
they come out real or imaginary quantities in thofe cafes 
in which they ought to be fuch. For s being = g + s/^b y 
and d — g -s/^h according as the roots are all real or 
only one is fuch; and - s -~ = - g = -\r always half 

the one real root, we fhall have - v / according to 
7 the 
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the faid two cafes; and confequently 

a real or an imaginary quantity according as the roots 
are to be real or imaginary. 

50. The firft root r being found from the formula 

\/b + vV + & + vb - vV + # 3 ,or by any other means, 
the other two roots may be exhibited in feveral other 
forms befides the foregoing, as may be fliewn in the fol¬ 
lowing manner. 

51. The equation being x % +px- q, and one root r, 

by fubftitution we have r 3 + pr - ?, and, by fub- 

trafting, it is - - - a; 3 - r 3 + p . x - r = o, and, 
dividing by x - r, it becomes x* + rx + r 1 + p = o. 

Or this fame equation may be found by barely di¬ 
viding x z +px-q = obyx-r=o, for the quotient is 
x z + rx + r 1 + p = o. And the refolution of this qua¬ 
dratic equation gives x = - \r ± >/—p - \r x - — ±r ± 

' v/—4 p -3r* the other two roots. And from hence 
again it appears, that thefe two roots are always imagi¬ 
nary when p in the given equation is pofitive; as alfo 
when it is negative and lefs than which again in¬ 
clude all the cafes of the table of forms after the 13th. 

52. Again, lince r z + pr - q, therefore r x + /> = i» 

and r l = - p + J-, and — y l = 3which being 
3 fubftituted 
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fubftituted in the above value of the two roots, they 
become - \r ± j s/— p - y , 

53. And again, if ~p be expelled from this laft form 
by means of its value r* - q -, the fame two roots will be 

exprefled by -\r ± '-'Jr z - ~ - -\r x 1 ± sj\ - £2. 

54. And farther, if r 3 be expelled from this laft form 
by means of its value q - pr , the fame two roots will alfo 

become -\r x 1 ± \/1 - _i!_ - x j ± JtLfLiPl, 

55. We might have derived the above forms in yet 
another manner thus. The firft root being r, let the 
other two roots be v and w: then we fhall have thefe 
two equations, namely, v + w - - r, and vwr — q t 
or vw — ~; from the fquare of the firft of thefe fubtradt 

four times the laft, fo fhall v z - ivw + - r* - —; the 

root of this is v - w - \ r z — , Which being added to, 

and taken from v + w = - r, and dividing by 2, we have 
=: ~^r st \sfV 1 - - -\r x 1 ± n/i - the fame 

with one of the formulae above given; and then by fub- 
ftitution the others will be deduced. 

56. To illuftrate now the rules x = s + d, or 
^ s ~±. s -~y/~^ by fome examples; fuppofe the 

Vol. LXX. I i i given 
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given equation to be x 3 - 36# = 91. Here p — -36, 
<7 = 91, a = }/> = - 12, b - ?*-; then c = -Jb L + a 1 - 
vwi - 1728 = s = yi + c = $ 21 + 32 - 

^64 = 4, , and d - Vb - c = f = ^27 = 3. 

Confequently, r = r + */=4 + 3 = 7 the firft root; and 

- iili ± s —s/ —3= - 7 — 47-3 the other two roots, which, 
are imaginary. 

57. Ex. 2. Let the equation be x 3 + 30X = 117. 

Here a-\p — 10, "b = ±q = '¥\ then c b l + a 3 
= + IOOO = y/uB - m j = ^/7T7- + ns 

4 4 * 7 _ 2 2. 

= = <^125 = 5,andd = <yb - c = s/'-bl 

= J /-8 = -2. Confequently, r - s + d = 5-2 = 3 the 
firft root; and - s -~- =t s ~^ V— 3 = ~ 3 ~/- ~ 3 the other 

two roots, which are imaginary. 

58. Ex. 3. If the equation be x 3 + i8a: = 6, we Ihall 
have a — 6, and b — 3; then r = v 'V + « 3 =v / 9 + 216 
= ^225 = 15, r = ^ + c- = v / 3 + i5 = ^/i 8,. and 
d = y/b - c - ^3 -15 = ■<y-12 = - <y 12. Therefore 
r = s + d= ^18 - \/ 12 = *331313 the firft root; and 

- * + t ± s JlJ \/- 2 = - Zii ~ d: ^18 + y/_ x 

the other two roots. 

59. Ex. 4. In the equation x 3 - 15 a? = 4, we have 
= - 5, b — z\ hence c b z + a 3 = ^4 — 125 = 

-\/-I2I 
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%/- I 21 - II\/-I, J=^ + £= ^2 + II\/-I=: 

a+v / — ij and </ = v"^ - c — d /2 — 1 iv/-1 = 2 — \/-1. 
Wherefore r = x + d = 4 the firft root; and 

— s -fi~d — Lzfi .\/—3 — 2 ± \/-1 .\/“3 = — 2 ± ^3 

the other two roots, which are alfo real» 

60.Ex. 5.The equation# 3 - 6# = 4gives a = - 2* and 
b- 2; therefore c = v^ 2 + « 3 =^4 8 = \/-4;=2v / -i> 

J = v / £ + c= 4 / 2 + 2\/-i sc — 1 + a/- 1,and*/ -d/b - c 
= v''2 - 2\/-i= — 1 — a/- 1. And hence 
r - s + d= -2 the firft root; and 

- ± 3 = i±v / '-i . s/— 3 — t =t.\/ 3 which 

are the two extremes, or the greateft and leaft roots. So 
thatin thisexample,CARDAN’srulegives the middle root. 
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= \/- 1 v/-7, s = xT'b + c - 4/1 + 4 s/-7 = 

— | and d-^b-c-^/^- 7 = 

-1 _ i.\/-7. Hence r = s + d = ~ 3 the middle root; 
and - i±-'db '-JV-3 = | * iV-7 .V-3 = 

the greateft and leaft roots. 

63. Ex. 8. Again, from the equation x 3 - I2X = 

— 8^2, we have <2 = - 4, and b — - 4 \/ 2; hence c = 

b z + « 3 = v^3 2 — 64 = \/— 32= 4v/— 2, r = + c 

= <y~4\/2. + 4v/-2 =\/2 + v / -2,andd' = y/i -v / -2.. 
So that r - s + d - 2 v 7 2 the middle root; and. 

— LlL.^ ± Lzd !\/— 3 = — \/2 ± %/— 2 . \/— 3 = 

2 2 3 

—v/2 ± v/6 = - s/ 2,1 ? \/3 the greateft and leaft roots, 

64. Ex. 9. But the equation x 3 - 15a? = 22 gives 
a — - 5, and b — ill and therefore c = v, b 1 + a ' 3 

— V^idi - 125 = \/— 4, + + >/—4 = 

~i - \/-4, and d= - 1 + \/-4. Confequently 

r = r + d=-2 die leaft root; and - %/- 3 

21 2 

= 1 ± \/-4 . •s/~3 = 1 ± 12 the two greater roots. 

65. Ex. 10. Laftly, in the equation x 3 - 15X = 20, 

we have a = - 5, and b =10; confequently. r - *</b 1 + a? 
= v^ioo - 125 = >/ — 25 = 5^ 1, r = + c = 

^10 + 5^-1? and d — -s/10 - 5 >/-u Therefore 

r = 
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r - s + d - >^10+ 5%/ -1 + &10 - 5V-1 = the firft 
root; and — v/-3 = - ^ 1Q ±i£zi±. ^ I0 - 

st v/ ' 10 ii ifizl zJ—22—. i±l 3 = the other two roots. 

a 0 

66* Hence it appears, that cardan’s rule s + d brings 
eut fdmetimes the* greateft root, fometimes the middle 
root,; and fometimes the leaft root.. 


Of the Roots ■ by Infinite Series:. 


67. Another way of afligning the roots of a cubic 
equation, may be by infinite feries, derived from the fore¬ 
going formulae, namely, s + d and - 5 -~ — d \S— 3, or 


\/b. + c + -Vb - c and 

— - x. fi/b + C + \/b - c =t-4 3 * ^b + c — b — c. 


For by expanding s/b ± c in an infinite feries,. we fhall 
evidently have all the roots expreffed in fuch feries. 


+srj&+jH&* e - 


a«* 




xsA d^b - c-fi/b. x : i -p - J76F - 3 767^ 

Hence s +d= %Vb x - - .Vffi iS y &c - 

for the firft root, as it was found by Mr. nicole, in the 


Memoires 



4i 6 Dr. hutton on Cubic Equations 


Memoires de VAcad. 1738. 

s — d — x : 1+ -j~- + 

^ 3 * 6 * 9 ^ 


Alfo 

2 . 5.8 . lie 4 - 
3.6.9.12. i $ b * 


&c. Therefore* 


s+d 

2 





f-^bx 



s */~3 


: i - 


2 c* 

3 • bP 


2 »3 . Sc 4 
3.6.9. 12^ 4 


&c. 



a-y t 2.5.8. iif 4 
3.6.9 b 3.6.9.12. 15 P 


See. 


for the other two roots, which were given by clairaut, 

in his Elemens d'Algebre. 


69. Hence again it appears, that when c 2 ispofitive, 
thefe two latter roots are imaginary; for then the fadtor 
is imaginary. And that thofe roots are real when 

this c'- is negative; for then this fadtor becomes 
— = c -~^, a real quantity. But in this laft cafe, 

the fign of every fecond term in the two feries muft be 
changed, namely, the figns of the terms containing 
the odd powers of the negative quantity c 2 ; for the feries 
contain the letters as adapted to the pofitive fign only. 

70. Thefe feries are proper for thofe cafes only in 
which c 2 is not greater than b 2 ; for if c z were greater 
than b 2 , they would all diverge, and be of no ufe: and 
the feries proper for the other cafes, namely, in which c*'- 
is greater than b 2 , we fhall give below. 


£ 


71. That 
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7 r, That d be lefs than or the foregoing feries be 
proper to be ufed, a or \p muft be a negative quantity; 
for if it be pofitive, then d = b 1 + a 1 will be greater than 
b 1 . But for this purpofe a cannot be any negative quan¬ 
tity taken at pleafure; for if it be fo taken as that a> be 
greater than i.b l , then ihall - d — a 3 — b 1 be greater 
than bK And hence thefe feries converge only in fome 
of the cafes of three real roots, and in fome of thofe that 
have only one real root, namely, from the 16th form to 
fomewhere between the 1 2th and 13th forms in the ge¬ 
nera] table Art. 30. when b is pofitive, and confequently 
it includes fome cafes both with and without imaginary 
roots. But that in all the cafes, the firft feries 
s + d = i\/b x : 1 — Sic. is the greateft root, as 

will ftill more fully appear by confulting Art. 83. 

72. Now, in the firft place, when a - o, or c - b, 

which is the limit, or 16th cafe in the table Art. 30, 

the equation being x % - q - 2 b, then the only real root 

is s = y/b + o = ^2 b = 3 /q = f/b x : 1 + i- \ + &c, 

i 3 • o 


Hence alfo, dividing by J/b, we have 

2 . a • S 2. e . 8 


^2 = 1 +-- -z-z + r-z—r 
3 3- 6 3- 6 *9 


&C. 


3.6.9. 12 

But in this cafe alfo the root is 

2 -lJ_ &C. And 

confequently 


73 - 

j + rf = a 
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consequently this is equal to the former Series, or 

a x : i - \ ~ &c. = i + - - — + -~£~ fee, 

3.6 3.6.9.I2 3 3.6 3.6.9 

- ^2. Hence, by Subtracting 1 - —^ - JLlLJL- fee. 
from both tides, we have 

1 - 2 &c. = i- + SjJL + -4f.fSee, 

which multiplied by a Vb will alfo give the root of the 

Same equation. And hence, adding + . 2 ' j ' 8 fee. 

3 • o 3. D . 9.12 

to both tides of the laft equation, we find that 
I is =-L+JL+ iO- + fcc. 

Or, farther, multiplying by 3, and Subtracting 1, we have 
a s 4 4. ill + *lL±. + See. 

6 6.9 6.9.12 6.9.12.15 

74. Alfo from a x : 1 - -‘ 8 - fee. = ^2 in 

3«0 3.6.9.12 

the laft article, we find \J/2 = 

2 ;$’ 8 - &; C . - JL + - 111 - + &c. 

3.6 3.6.9.12 3 3.6.9 3.6.9.12.15 

7 5. In this cafe alfo, namely, c - b, the equa¬ 


tion d - \^b - c ~ Vb x : 1 - —, — ~7rrz Sec. becomes 

36 3 • 06 

&c. 

3 3 •« 3-6.9 

And hence, dividing by J/&, and adding, we have 
1 =- + -!- + - iji - + -![■*• 8 fee . 

3 3-6 3-6.9 3.6.9.12 

the fame as in the laft article but one. 


76. And 
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76. And by taking other values of b and r, or other 

relations between them, any number of infinite feriesmay 
be afiigned, whofe fums will be given by the two equa¬ 
tions d/b±c~ JZb x : 1 ± ± - ~n See. And 

, 3 b 3‘ bi 3‘ 6 * 9 * . 

if b be very great in refpedt of c y the two firft terms of 
the feries will give the cube root true to many places of 
figures. 

77. Hitherto is concerning one of the limits or ex¬ 
treme cafes only, namely, when c 1 = b z r or when the 
equation is x z — q — zb. And it has been obferved, that 
the firft general feries for the three roots converges in 
all the cafes of the equation x z - px — q, or x z - 3 ax — zb, 
in which a z is not greater than lb*. But a z may be any 
real quantity not greater than zb z , and fo it may be 
either lefs than, equal to, or greater than b x . 

78. When, in this equation, a> is lefs than then c z 
is pofitive, and lefs than b % , and the firft feries gives the 
only real, root without any change m the figns of the 
terms. And to this belongs all cafes of the equation that 
can fall in between the 13th and 16th formulae in the 
general table in Art. 30. 

79. If a z be = b*, then c = o, and the three firft feries 
give zd/b — ^4 q for the greateft root, and - d/b for 
each of the lefs roots. The fame as at the 13th form in 
the general table Art. 30. 

Vol. LXX. 


K k k 


80. When 
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Bo. When a 3 is greater than 3 % c z will he negative, 
and then, changing the figns of the odd powers of c% 
the three general feries will give the three roots of the 
equation, which will always be all real. In this clafs are 
two cafes, namely, when c % is lefs than 3 % and when 
they are equal, which is the limit; for when c z becomes 
greater than 3 % the feries diverge. 

81. Now when a 1 is between b l and 2 3 % then c z is 
negative and lefs than 3 ‘, and the general feries give all 
the three real roots by changing the fign of every other 
term. 

82. And when a? — zb z , then ~ c l zz 3 % and the three 
roots become thus: 


2 j/b x : 1 + - ■ -?; 5t8 + . tho 

3.6 3.6.9.I2 3.6.9.I2.I5.18 

firfl or greateft root, 

r_ * ;I + » _ &c.i 

.1 v 3.6 3.6.9.12 3.6.9.12.15.18 i 

I =t w X V3 X - ^4 + 2 ; 5 -— - &c. 

I Q 5-O-n.i2.IC 


the two lefs roots. 

83. The firft of thefe 3 is the greateft root, be- 
caufe 3/b x : 1 + — - l ih 8 _ 8cc. is greater than 

3.6 3.6.9.12 ° 

Vb x v^3 x ; - —& c * for 1 + -A- 8cc. is greater 
33**9 3*6 

than 1, and y/3 x -^4— &c. = x : 1 -&c, 

* 3 3*6.9 3 6.9 
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is lefs than 1. So that in general the firft feries gives the 
greateft of the three roots. 

84. But it is evident, that this cafe agrees with the 
10th form in the table Art. 30; in which the middle 


root r is found to be = J/% q = — ^4 b — -% -y~b, 
and the two other, or greateft and leaft roots, are 
~ k r * 1-^3 = x x * 3 . 

85. Hence by a comparifon of thefe two different 
forms of the fame roots we find 
✓3 + 1 _ T . ± _ tihl + 2 - 5 > 8 >»-h o._ _ 

2 ^ e I+ 3- 6 3.6.9.1a. 3.6.9.12. 15. iS • - a, 


and 2 -1 
2^2 “ 3 


2.5 

3.6.9 


a . 5.8. M 
3.6.9.12.15 


- 8cc. = B. 


86. And by adding and fubtra&ing thefe two, we find 

+ +-8cc. and 


^ 3 _- j 

+ 1 +-*_ 

2.5 

2.5.8 

^2 

3 3>6 

3.6.9 

3.6.9.12 

1 - T 

I H 

_ t i 

2-5 

2.5.8 

TI'- 1 

— — -f---r + 

3 3 -^ 

3 - 6-9 

3*6.9.. 12 

87. Alfo, becaufe 

^3 + 1 
2^2 

X 

to ^ 

<0. 

*0 j 

M • 

C /3 


—57— % VY XlXvlX la 

2^4 7 

= i x -^j; therefore the mean proportional between 


the two feries a and b, is to the feries c, as the fide of a 
fquare is to its diagonal. 

88. Moreover, to and from the two feries a and b, 
adding and fubtra&ing the two feries in Art. 74. 

K k k a namely, 
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namely, \ ^2 or 




= 1 


_ 2.5 .8 


&C. = 


•*_ 2 «5 

3 3 * 6.9 

feries; 


2•5. 8. ii 
3. 6.9.12.15 


3•6 3.6.9.12 

See. we obtain die 4 following 


A/3+^4+1 _ __ 2.5.8 _ ji .5. 8.11.14.17.20 _ 

' 4^2 ” ~ 3.6.9.12 3.6.9Vi2.15.18.21.24 ® CC * 

a/ 3 + ^4- 1 _ 1 + 2.5.8-. n 2 ■ 5 ■ 8.11.14.17.20. 23 ^ 

4^2 ""3 + 3.6.9*12.15 + 3.6.9. 12.15. 18.21.24.27 ^ 

V3-^4+i_, 2 . 5 - 3 . rt .14 q rr , 

4^2 — 3. 6 - 3.6.9.12. 15-18 occ * 


A/3-^4- » _ _ 2 -S _ 2.5.8.11.14.17 

4^2 ”3.6.9 3.6.9.12. 15.18.21 ® cc * 

89. It alfo appears, that the feries 


1 — 2 + + - dL — 2 • 3 • 8 

3 3- 6 3.6.9 3.6.9* 12 


2.5.8.11 
3.6.9.12.15 


&C. 


is the Reciprocal of the feries 


1 


+ i_JL +-£^ 1 . 

3 3- 6 3-6.9 


2 *-5 • 8 + 2 • 5 • 8 . • w ^ 

3.6.9.I2 3.6.9.I2.I5 


where the figns of the former feries are found by 
changing the figns of every other pair of terms in the 
latter ; namely, omitting the firft term, change the figns 
of the 2d and 3d terms, then paffing over the 4th and 
5th terms, change the figns of the 6th and 7 th; andfo 
on. For, by Art 8b. the former of thefe feries is equal to 


and, by Art. 7 2, the latter is equal to f/2.. 

Vz 


g o. Let 
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go. Let us now confider the cafes in. which c 1 is 
greater than b 2 , which include all the cafes not compre¬ 
hended by the former, or in which c 2 is not greater than 
b 2 . And this, it is evident, will happen both when a is 
pofitive and when negative; namely when a is any pofi- 
tive quantity whatevei 4 , or when it is any negative quan¬ 
tity, and a* greater than 2 b 2 . And in thefe two claffes, 
c 2 will be pofitive or negative, according as a is pofitive 
»or negative. 

91. Now the feries in this clafs will be found the 


fame Way as in the laft, by only writing here the letter 
c before the letter b; for then we Ihall have s - &e + b 9 


and d — \/ — c + b — r-A/c— b. 

Then s ^c + b - f/c x : 1 * 4 - — 


a£ i. 5 g> 

JTS? 3.6.9c 3 


See. 


and d~ ~Vc-b =3/cx : 
Hence s + d — x : ^ + 


3c 3.6c 1 

2. st 2 


+ 


a. 5 ** 


3.6.9c 3 
2 *5.8 . lib 4 


fee. 


3.6.9c 1 3.6.9.1a ,,15/ 


& c. =; 


the 1 ft root, and was given by clairaut. And 


s+d 

2 


t-v-sJ 


2.5 


-b 


[sb^p-.V'-3 x : i 


;! + _ 

3 3 *6.9c 1 


2.5.8. iti*- 
3.6.9.12.15c 


fee. 


2i l 

3 .6c* 


2.5.86 4 

3.6.9. 


for the other two roots, which, I believe, are new. 

92. Here it again appears, that when c 2 is pofitive, 
the two latter roots are imaginary; becaufe then 
a 4 /c 
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<yc x v 7 —3 will be imaginary. But if c* be negative, 
thofe roots will be both, real; fince \/c x v 7 —3 then be¬ 
comes v 7 c . v 7 — 1 x v 7 — 3 = x - V 7 —! x v 7 —3 = 
- v 7 ^ x 1/3. The ligns prefixed to the terms as above, 
take place when c 1 is pofitive; but when c 1 lhall be ne¬ 
gative, the figns of the terms containing the odd powers 
of it muft be changed. And thefe feries include all the 
cafes in which the former ones failed by not converging. 
So that between them they comprehend all the cafes of 
the general cubic equation a? 3 =fc px = <7, as they each re¬ 
ciprocally converge when the Other diverges, but in no 
other cafe, except in the common clafs, in which c is = b 3 
which happens at the two limits, namely, either when 
a is = o, or when - a 1 — 1b 1 : and then they both give 
the fame roots. But in the other cafes they give the 
contrary roots; namely, when c is lefs than b, the firft 
feries gives the greateft root; and when c is greater 
than b, the latter feries gives the leaft root. 

93. Now when a is any pofitive quantity, the firft of 
thefe feries gives the only real root, without any change 
in the figns of the terms; the other two being imagi¬ 
nary. And this includes all the cafes after the 16th in 
the table in Art. 30. 

94. When a is = o, or the limit between pofitive and 
negative, as in the 16 th form in Art, .30, then is c •= b, 

4 and 
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and the only real root, or the firft feries, becomes 
33 /b x : r + + &c. which is the fame root as wa 3 

3 3.6.9 

before found in Art. 73. So that in this 16th cafe, both 
this feries and the feries in Art. 67. converge, and give 
the fame and only real root. 

95. When a becomes negative, then c % becomes ne¬ 
gative, and the roots all real. But in this cafe the feries 
only begins to converge when - a* = 26% for then - c % 
becomes = £*, and then, making the proper change in 
the figns of the terms, the three roots become 


ift. - 3 Vb x :i - -^ 4 - + &c. the leaft 

3 3' 6 -9 3.0.9.14.15 

root, and 


+ ^x - 
3 

±: -yb . \/ 3 X 


-** 5 - &c. 

3.6.9 3.6.9.12.15 

2 2. e.,8 2 . c.8.11.14 

• T + - — 3 ‘_. 4. -■ 3 _!_*£<• 

3.6 3.6.9.12 3.6.9.12.15. ,18 * 


the two greater roots. 

96. I have here faid, that the firft of thefe three roots 
is the leaft of them. TO prove which, I afiert, that 
v/ftx '.i + ~— 5 —- 8ce. is greater than 3 times 

D 3.63.6,9.1a 0 


* __ 2*5 
5 3* 6 *9 


8cc. for 3 x : -j 


2, 5 

3.6.9 


8tc. = 1 - ^4 8cc. 

6.9 


is lefs than 1, whereas 1 + Zee. is greater than 1. 
Confequently, the lefs of the two latter roots, namely. 
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3 /b . v^3 x : i + 8tc. - ^ x : -i- —&c. is 
J 3.0 3 3.0.9 

greater than the firft root 2^3 x : ^— ~ 2 ~- &c. That 

is to fay, here the firft is the leaft of the three roots, 
while in the other clafs of feries the firft is the greateft 
root. 


97. Hence, comparing the value of any one of the 
roots here found, with the value of the fame root as 
found in Art. 8 2, we obtain the relation between the two 
feries that are concerned in them, namely, that the feries 
2 2.5.8 , 2.5.8.11.14 is tothe feries 

2.5.8.11.14.17 &c> 


I + 


3.6 3 . 6 . 9 .I 2 3.6*9.I2.l5.l8 


2.5 


2 . 5 . 8.11 


3.6.9 3.6.9.12. 15 3.6.9.12.15.1^.21 


as 


s /3 + 1 is to >/$ - i, or as 2 + V$ to 1, or as 1 to 
a — n/ 3, which, are all equal to the fame ratio. And the 
fame thing appears from Art. 85. 

98. When - a 1 becomes greater than 2 b\ - c 1 is 
greater than b % and, by the proper change in the figns, 
the feries for the roots in all cafes of this kind become 


1 ft. x : - - + r - 2 ‘ f---j 8cc.the leaft root. 

Ve 3 3.6.9c 2 3.6.9.12.15c 4 


and 


. b 


A* 5l*_ . 2»5»8, 11 » 4 _ the two 

+ o . h.n.ir, TC,< C * X * 

^ greater 
roots. 


3 3.6.9c 2 3.6.9.12.15c 4 


99. Let us now illuftrate all the foregoing feries for 
the roots of cubic equations, by finding by means of 

them 
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them the roots of the equations already treated of in 
Art. 56, &cc . 

100. And firft in the equation x 3 - 36a? = 91. Here 
p - - 36, q- 91, a - - i2, £ = 4Sv, + 

= 5 P’- 12 3 = 342^, which being pofitive and lefs 
than b 1 , this cafe belongs to the feries 

2 <yb x : 1 —— - T-- ' 8c i4 - &c. in Art. 68. 

Now c ri = —^ = *1653182. Then 

i 1 8281 91. 

A = + I'OOOOOOO 


B= r6? A =- 


c.Qc z „ 

C = ± - tl B = - 

9.120 

D - ILi!i£ c = ~ 
E=^ D = - 

21.24** 

23 .26t* a 

f = 4 t^ e = ~ 
G = —-S F = ~ 

33 * 3 6 * 

firm of the terms = 


•0183687 
11247 
1061 
118 

14 

2 

•9803871 


2 


1*9607742 - log. 0*2924275 

■Vb - v / 45 , 5.0-5526705 

hence the only real root is 7 - - *0*8450980 


Vol. LXX. 


L 11 


That 
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That is, x = 7 is = 2 v 3 /— x : 1 —- ; ' 8 ~ 37 %— 

7 7 V 2 3.6.91 3.6.9.12.91* 

101. The other two roots are imaginary, and in 
Art. 56 they were found to be = ~ 7± 2 V '~ 3 ; but by means 
of the feries in Art. 68, they are here found to be 


zl 

2 


C‘ s /-3 

: a n % 


+ 2 : 

S 5.6.9^" 


+ tec. 


Confequently we obtain thefe following fums: 


z . ; .8 . 11.14.37 s 

91* 3.0.9.12.91’ 3.6.9.12.15.18.91' 


_7_ 3/ 2 = I _ 2 • 37* _ 2 • !> • 8 . 37* 

3 V 91 3.6.91 2 3.6.9.1 

J_ 3 / 9 ^ _J_, 2 • S - 37 * 

27V 2 s 3 3.6.9.. 91* 


; 8CC. 


5 • 8 .11.37* 


8cc. 


3 3.6.9.91* - 3.6.9.12.15.91* 

102. Ex. 2. In the equation x l + 30 a? = 117, we 
have a — ~p — 10, A = 7 q - ~ = 5 8 i, and c* = A 2 + 
zz 3 = ifl] 2 , which being positive, and greater than A 2 , 
the proper feries for this is that in Art. 91, namely* 


SjS — 


2 b 


Vc 

. T 117 

Now - = — 


. m + + &c. 

3.0.9c* 3.6.9.12.15 c * 


I_ + 2 • 5 * 
3 


133 1 


•7738308. Hence 


A =5 



A = 
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- *333 


4*9 


B = r—^—z A = 


c ^ 


6.9c* 

8 . ill * 


12 . I^C 


x> 


- x 4 - 


18 . 21*: 


— c 


_ 20 *'. 2 % b Z 

E £ -i- D ^ 

24.27 c 51 

_ _ 26 • 20^ _ 

E - --^ E =s 

30. 33 c 

o=ii^;F = 

36.39c 1 

H = liiii? G ss 

4 2 .45 c 1 
48 , SIC* 

Ksi^I = 

54 * 57^ 


48 

l8 

9 

5 

3 

a 


fum of the terms = *421 
That is, x — 3 •= 


117 


^.133* 


2* 


: 7*128 

feries inverted 124 



the root x 3 = 3*000 


, ± + 2 -S- »7 

3 3.6.9.133 2 


+ 8co» 


103. By the other feries in the fame article the two 
imaginary roots come out 


*- 8cc. which were be- 


5= - i- sfc d/C . \Z~ 3 X ? I 

fore found in Art. 5 7 to be - f ± |\/—3. Confequently 


»** 

3.6c 3 


2.117 


2.5.8.117 4 2.5.8.11.14.117* 

3.6 . 12 . 133 4 3.6.9*12.15.18.133 


z ^- =i - * - 
2 v 133 3.6.133 

±yi4=: ± + + 2 ;S . l-“ . - .i ^ 4 4 + 8cc. 

39 2 3 3.6 .'9.133 3.6.9.1.2.15.133 4 


6&C. 


L 11 2 


104. Ex 
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104. Ex. 3. In the equation a: 3 + 18 a? = 6,, we have 
a — 6, £ = 3, g — V + 2i6 = v / 225 = i 5> real and 
greater than b, and therefore this cafe belongs to the fame 
feries as the laft example. Now ~ = 4 = ^ = ‘04, and'. 


2 b ^ 6 

^22 5 


- = = 120 = ^96. Then 

5 v 25 ^ v ^ 


a=- =‘3333333 

b '-£t^ a = 2469 a 

8 . 11 3 * o 

G ~ -2 B = 483 

12 . 15c- * J 

14 . 17^ 

D = 4—“ C ~ 12 

18 . 2ic s 

*335 8 5 20 - lo g* 1-526,1480 

96 - - - - - 1-9940904 

the root a? = *3313130 - - T*52oa384 

And then the two imaginary roots are 
- ’1*1*1* ±J / C . v/- 3 x : 1 - -ifl &c. 

2 3.6 C* 

105. But, in Art. 58, thefe three roots were found 

to be <yiS - \/i2y. and- - -±---v-3. 

Confequently we have 

s/ *8 +_£ii _ T_i_ 1:1 - 8 - &C 

~2^i5 3.6.25 s 3.6.9.T2.25 4 


V-3. 


1 - - 5 , - 8 — - - Sec. 

3.6.25 3.6.9. T2.25 4 


*/iI = JL + + + &c. 

2 v 3 3 3.6.9.25 s 3 . 6.9.12.15.25 4 


106. Ex 
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ro 6. Ex. 4. In the equation x 3 - 15 x = 4, we have 

a — - 5, £ = 2, and c — \/b z + a 3 -V- 121 = 1 i\/-i, 
imaginary and greater than which belongs to the fame 
feries as the laft 2 examples, but changing the fign 
where the odd powers of the negative quantity c 1 is con¬ 
cerned, as in Art. 98. 

i\t i* 2* 4 

Now - = 


and = —j— = \/—. Then 

I 2 I ' 1 21 


A = 


3 

8 . i«i 3 * 

£ = -—B = 


= ‘3333-333 


12. ijf* 


330 


+ *3333^63 
- *0020413 


^121 


B = --A 


D 


6.9c 3 

_ Hi l j£ n - 

l8 * 21 C 


•0020406 
; c = 7 


•0020413 


the feries = *3313250 

ya- 

▼ T 9 T 


log. 1^202543 
- - 2*9077982 


theleaft root =-*2679492 - - 1*4280525 

107. To find the other roots by this method, we 
Hiuft fum the feries J/c Vpiit ~L~ % - &c. And 

as the terms of it are found by multiplying the terms a, 
b, c, 8tc. of the former by 4, f, ff, 44, See. refpe&ive- 
ly, we fhall therefore have 
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u-\a = i 

£ = }b =0*0036731 y = ifc = - *0000450 
<J = 4} D = 8 

+ 1*0036739 
— 0000450 

feries = +1*0036289 - log. 0*0015732 

^11 - - - - 0*3471309 

\/ 3 0*2385606 


± 3*8660254 * 0*5872647 


I the kaft root 1 + 0*1339746 

with a contr. fign j T 

fum + 4*0000000 greateft root 
diff. - 3*7320508 middle root. 

108. But the fame 3 roots, found in Art. 59, are 
alfo 4, and - 2 ± v/3; which being compared with' the 
feries in this example, we find 

1+Vj _ . , »• * • |• 8 • 24 + a • $. 8. n. 14. » 8 gec _ 

2^11 3,6. II Z 3.6.9.12. II 4 3.6.9.12 . 15 . l8 . II 6 

= -L- - 8cc. 

4 3 3.6.9.ii* 3.6.9.12.15.n + 

109. Ex. 5. In the equation x l ~ 6x - 4, we have 
<1 - - 2, d = 2, and c 1 = b 1 + <z 3 = 4 - 8 = - 4, which 
being negative, and = this cafe belongs to the feries 
either in Art. 82 or 95* The operation of fumming 
the terms by them is here omitted, becaufe fo much 


room 
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room would be neceffary to fet down fo great a number 
of' terms, and as the properties ariling from the feries 
in this cafe have already been noticed above. The 3. 
roots of this equation have been found in Art. 60 to be 
- 2 and 1 ± 

no. Ex. 6. In the equation x z — gx = — 10, we 
have a - — 3, b - - 5, and c 1 - 25 - 27 = - 2, which 


being negative and lefs than d, the general feries in Art. 
68, with the neceffary change of the figns, will give 
the 3 roots. Now ~ = d - JL = - Q 8, and d/b=-J/$ > , 


alfo 


ci/i-3 __ a /'6 

~W*~'Th 


Hence 


A 

B 

C 



•OOO2634 

7 

•0002641 


— 0*0002641 


+ 1*0086368 
2 


2*0172736 - - log. 0*3047649 

tyb — - - - - o* 23 29900 

the greateft root = - 3*44948974 - °'5377549- 


in. Then. 
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hi. Then for the other roots, by multiplying the 
terms a, b, c, &c. of the former by }, {, See. we have 
«=T a =*3333333 ^ = {b =-0049383 

y = iic= 1931 ^=tt»= _ 97 

£ = —■ E =5 6 --0049480 

+ ’3335270 
- *0049480 


*3285790 - - - log. 1*5166398 

. 1*9230956 

the fecond feries ± *27525513 - - 1*4397354 

i the greatetl root + 1*724744-87 


middle root 2*00000000 

leaft root 1*44948974 

112. But, by Art. 61, thefe 3 roots were found to 
be 2 and - i ± 6; which being compared with the fe¬ 
ries belonging to this cafe, we find 

V'6+ 1 _ 2.2 z . ; . 8 . a* 2 . 5.8^11 . 14. a 3 q_ 

3 • 6.25 3 .6.9. 12.aj* 3.6.9.12.15.18.as 3 **" * 

+ - 1: f- 8 ::” - gee. 

4 V 3 3.6.9.25 3.6.9.12.15.25 

113. Ex. 7. In the equation a: 3 - 12* = 9, we have 
<* = — 4, b — I, and C l = j - 64 = — which being 
negative, and greater than £ ! , we fhall have 3 real roots 
by the feries in Art. 98. 


3 


Now 



XT i 8 t 

Now - % = — 

' 1 7 S 
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J/c = ^ = ^43-7 S- Then 


a = j =*33333 
c = JL^! b = 

12.15c 1 

E = !i^£ D = 

24.27c 

G = F = 

36.39c 

, _ 44 • 47** „ - 
1 48Ts7? H ~ 


647 

62 

8 


+ *34051 

- *03071 


B = il£ A 


6.9 c 

4 - l j]L 

18.21 c ' 
26 .29# 
30.33c 
38.41 b 
42.45 1 


D = 


„ 26.29 y 1 _ 

F =-- E = 


H = = 




54* S7‘ 


= *02857 

3 C= 188 

22 

3 
1 


- *03071 


*30980 

2 

•61960 - - log. 1*7921114 

\J— - 0*1062198 

^ 2 CO 


the leaft root = -*79128 - - 1*8983312 

114. Then, fince the terms of the latter feries are 
found by multiplying the tertns of the former by the 
fractions 4, f, j|, &c. they will be thus: 


Vol. LXX, 


M m m 
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« = 4 A - 1*00000 

S = |b = 5143 7 = ||c= *00882 

(3 1 = Ty D = 232 £ = ti e = 73 

£ = 4}f = 25 n = ffe.= 9 

fi=HH= 4 *=*7 I= __£ 

- - *00965 

+ 1*05404 

- 0*00965 

1*04439 - - - log. 0*0188627 

^ 4 - 3'75 ----- 0*2734963 

v 7 3 ------ 0*2385606 

laft feries ±3*39564 - - 0 5309196 

- j the firft + 0*39564 


greateft root + 3*79128 
middle root - 3*00000 

115. But, by Art. 62, thefe fame 3 roots are, - 3, 
and - ~~ 2 ~; which being compared with the feries be¬ 


longing to this cafe, we find 

^- + 9 -/ fi _ T 1 jjil _ . o rr 

12 Va o 3.6.175 3.6.9.12.175 1 

—^ 350 = E- -±j±d + . l* J* 8 * _ ”* 8l % _ &c . 

3 6 3 3.6.9.175 3.6. 9 .12 . 15 . 175* 


116. Ex. 8. In the equation x 3 — 1 ix = ~ 8\/2, we 
have a - - 4, b - - 2, and c 1 = 32 - 64 = - 32, 

which being negative, and equal to b\ the 3 roots will 


be 
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be found, by both the forms of feries, like as in Ex, 5, 
Art. 109; but the operation is here omitted for the fame 
reafons as were thei'e given. The 3 roots of this equa¬ 
tion were, in Art. 63, found to be 2 and — s/2 ±s/ 6. 

117. Ex. 9. In the equation x*~\$x- 22, we have 
a — - 5, b - 11, and c z — 121 — 125 = — 4, which 
being negative, and lefs than b z , the feries in Art. 68 
give thefe 3 roots : 

G re ate ft 3/ T . _ , a 2 . 5 . 8 c * q 

loot 2rV I I * • I _ c.t.2 a ~ „ ;,4 


The two 
lefs roots 

Here 

A = 

B = - 


■ 11 x : i + 

. 2 ^3 „ . 1 


2 C 1 


2 • ^ • 8 c * . Qr C 

3.6 V 

3 

.6.9.1 zb* ^ C * 

2 C Z 


2 * 5 * 8f4 8cc 

3.6 b % 

3 

.6.9. 12b* ‘* x 

2 • 

4, _ 

2.5.8. nr 4 & 

3 . 6 • g& z 

T* — 

3 

.6.9.12.15**°^ 


where 
_ 4 

d ~ i 2 i 


= I'OOOOOOO 


■j.6P 
11 . i 4 <t* 
15 . 18'i* 


3 6 73 i c = ^4 b = -*6000450 

9. 120 


D = !Lii^ c = 


+ 1*0036739 
— 0*0000450 

1*0036289 

2 

2*0072578 


- - log. 0*3026031 

- - 0*3471309 


the greateft root = 4*4641016 

M m m 2 


0*6497340 
118. Again, 
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II8. Again, 

« = T a =*3333333 $=£b =*0020406 

y=4jc= 330 ^=iid= 7 

+ '3333663 - *0020413 

- *0020413 

* 33 I 3 2 5 ° 

2 


•6626500 - - log. 7*8212842. 

- - 0*2385606 

\/121 - - — 0*6942618 

the latter ferfes ± *2320508 - - 7*3655830 

f the firft - 2*2320508 


middle root = — 2*4641016 
leaft root = — 2*0000000 

119. But, by Art. 64, the 3 roots are 
1 hence 


- a and 


1+2^3 


3.6.11* 


2< - 4 + —— 8cc. 

3.6.9 . 12 . 11 4 3.. 6.9.12 . 13. 18.11° 


2 . 5.8 . 11 . 14. 2 6 ' 


Z=&yi2l = — - + »*5* . 8 a i i*-»l . - &C. 

4 3 3.6.9.11* 3.6.9.122.15.11* 

120. And in this manner the roots of cubic equations 
may always be found by thefe feries; and then by com¬ 
paring them with the roots of the fame equations, as 
found by other methods, we fhall obtain as many feries 
as we pleafe, whofe fums will be given. 


121. Hence 
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12 1. Hence alfo we may find the fum of any gene¬ 
ral feries of either of thefe forms, namely, 

1^- ? &cc. or 

3.6 3,6.9.I* 3,6*9,12*15.18 

I , 2 . 5 ^ 2. 5.8.11? 4 , 2 . 5 .-8 . II . 14.17 g 6 0 , 

— -— dz — - - Z. L A . _ &c, by com- 

3 3,6.9 3*. 6.9,12.15 3.6.9*12.15.18.21 J 

paring them with the roots of, given cubic equations; 
whatever )>e the value of g, not greater than 1.. 

10,2,. For, by Art.. 68, s/b-vc + \/b-c — 2f/b x : 
1 —8cc. is = the greateft root of the 

cubic equation x 3 - y&bJ-c 1 . x - 2 b. Now make 

* 

?,<yb = 1, and . - z =g*y fo fhall the above become 
t^'i +2 + = *- &c - = the great- 

eft root of the equation x 3 - f v 7 1 . x. = i. And 

when g z or ~ is negative, thefe become" 

-tfv'-r = I + ^ - + &c. 

= the greateft root of the equation x. 3 — -|vi +<y 2 . a: — 

So that in general the infinite feries 
I =p Ml _ JMMM - &c. is 

3.6 3.6.9.12 3.6*9.12.15,10 

= ^T+gs/^i + -i^i -gs/±i —the greateft root of the 
equation x 3 - |v T^g 1 . x = i. Where the upper and 
under figns refpe&ively correfpond to each other. 


i»3. Again, 
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123. Again, 

2 b 1 2 . C b % 2 . C . 8 . 11 0 ^ 

* 7 + 3.6"^? * J 76 Ti 7 I 77 iir 4&:c * 


- v 7 c-b - -ii x : — + 


is the leaft root of the equation x 3 + 3V 7 c i -b 2, . x = 2 b. 
Then, by taking = 1, and ^ this becomes 


Vi +, 


■ & I- 




£ = _L + Li 5 J_ gee. = the leaft root of the 

3 3- 6 -9 


equation x 5 + — x = A. And when^ or c 1 is ne¬ 


gative, this becomes 


v'i + fv'-' — j'r-gy-i- _ 1 2.;/ 


2 jV~I 


3 3* 6 *9 


+ 8cc. = the leaft root 


4- P* 2, — I 

of the equation x 3 -—— x ~ff' So t ^ iat general 

the infinite feries 


*»sr 


2.5.8. 11 


;. ; . 8 .11.14. i7^ 6 


8cc. is 


3 3.6.9 3,6.9.12.15 3.6.9.12 .15 . 18 . 21 

= the leaft root of the equa- 


A 7 * +gA/± I - fjjZ. ± I _ 

2 £ V 7 3 ±: l 


, . S' 71 =p/ ± 1 

lion x 3 * —jp— ^ = jp-* 


0 / the Roots by another Clqfs of Series. 

124. But there are yet other feries, converging much 
fafter than thofe in the foregoing clafs, by the help of 
which, and cardan’s rule conjointly, may always be 

found 
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found the roots of thofe equations in which that rule 
fails when it is applied fingly, that is, in what is called 
the irreducible cafe, or that in which c 2 is negative. 
And thofe feries are found by introducing another cubic 
equation having the fame values of b and c z as the given 
equation, except that in the new equation the value of 
e 1 is politive, while in the given one it is negative. For 
when c 1 is politive, the new equation to which it be¬ 
longs has only one real root, and that root is always 
found by cardan’s rule; but the contrary takes place 
when c'- is negative, the equation having then three real 
roots, although they are not always determinable by 
that rule, becaufe the radical quantities cau feldom be 
extracted, on account of the fquare root of the nega¬ 
tive quantity which is contained in them. 

125. Now the general expreffion for the root by 
cardan’s rule being s + d^-^b + V ±-c x -\-d/' b-V or 
d/fi ± f + b — d/fi±c z —b, if the cubic roots of each of 
thefe be extracted by the binomial theorem, as at Art.. 
68, we fhall obtain thefe 4 forms; 

1. d/b + c 1 + d/b- + c l - 2 d/b x : 1-— See, 

2. d/b +-/ - c 1 + d/b-fi~c z - 2 d/b x : 1 + - See. 

3. v / v / + c z + b - d/y + c'-b -dL- x : — + + &;c. 

4. d/V-c* + b- v'V -c l -b- 4 r; x : - — + -- r ---Sec. 

* 3 3.6.9C 

126 . Of 
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126. Of which the feries in the firft and third de¬ 
note the only real root of the equation when c 1 is pofi- 
tive, according as c is greater or lefs than b, which root 
call x ; and the feries in the fecond and fourth forms 
denote the greateft and leaft roots of the equation when 
c 1 is negative, which roots call r and r refpedtively. 
Then by adding and fubtradting the firft and fecond, as 
alfo the third and fourth, there refult thefe four equa¬ 
tions ; 


r + x = 4 J/b x : 1 


.5.8c* 


3.6.9. I 2 h 4 


r - x — 4 J/b x : 


2 <* 2 . 5.8.11. £4£* 


4 i 

r = 4-, x 

V c 


3.6 .b* 3.6.9.12.15.1 


2.5.8.11 ...14.17. 2 QC S 
3.6,9.12.15 . 18. 21.2 + £ 4 

+ 8cc. 


8ec. 


3 


.V*-’ 8 ’ 1 V 4 + &C. 

3 .. 6.9 . .1 2 . 15 c 4 


. 8-. II . 14. 176 s + 


4^ 2.5^ 

X + r — + 3.6.9.12.15.18.21c 

127. And hence, by equal addition or fubtradlion, we 
find thefe two different expreffions both for the greateft 
and leaft roots of a cubic equation in which c l or b 1 + a 1 
is negative, namely, 

l/L 2.4.8 C * 2.5,8.11.14.17.20C 8 

R ~ ~ x + 4 <^b x : 1 - I2 ^ 376.9.12.15.18.21.24^ ^ c * or 

r = x + 4 v // b x : —T7i + + See. 

“ V 3.6^* 3.6.9.12.15.18^° 

I 2 .C. 8 . 

r 


4* 

x ~-j? * 


1 + + 2.5.8.11.14.17.20.23 *’ or 

3 3.6.9.12.15c 4 3.6.9.12.15.18.21.24.27c’ 


r — 


4# 


2 . 5.8 ■ 11 ■ 14. 17*’ 
'3.^. 9c* 1 3.6.9.12.15.18.21c’ 


>■ 5 ^ 


+ &Cv 


Where r is the greateft, and r the leaft root of the equa- 
1 tion 
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tion x* - 3 ax = 2 b or x* - 3^ c 1 + b l ,-x — 2b, and x 
the only real root of the equation x l + 3 ^- b\x = zb; 
in which, as well as in the above feries, c l denotes a 
pofitive quantity. 

128. And hence it can no longer be faid that car¬ 
dan’s rule is of no ufe in the folution of cubic equa¬ 
tions that have three real roots ; fince they have here 
been reduced to the other cafe in which the equation has 
but one real root, which cafe is always refolvable by 
that rule. And the firft hint of fuch reduction I re¬ 
ceived from Francis maseres, Efq. Curfitor Baron of 
the Exchequer, he having done me the favour to com¬ 
municate to me the fecond of the above four forms for 
the greateft root, in a letter of the 17th of July 1779; 
the inveftigation of which formula, together with thofe 
of the other three, nearly as above, I had the honour 
of fending him in a letter of the 26th of the fame 
month ; and that learned gentleman has fince commu¬ 
nicated to the Royal Society his faid formula, together 
with his own inveftigation of it, done in his ufual very 
accurate manner. Since that time I have feen, in the 
Memoires de V Acad, for the year 1743, four expreffions 
fimilar to the above, given by Mr. nicole for the pur- 
pofe of fumming certain terms of a binomial raifed to 
Vol. LXX. N n n any 
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any power, but unaccompanied with any appearance of 
the idea of thus reducing the one cafe of the cubic 
equation to the other. 

129. It is hardly neceffary to remark, that any ge¬ 
neral feries of each of the above four forms, is fummed 
by means of the fum or difference of the roots of thefe 
two equations x z - yVb* ± c 1 . x = o.b, and that by fub- 
flituting particular numbers for b and c, we may thus 
fum as many feries of thofe forms as we pleafe. 

130. Ex. 1. We may now illuftrate thefe formulas by 
fome examples. And firft in the equation x 3 -15 x = 4. 
Here %b — 4, and 3 s/b 1 +c l = 15, confequently b — 2, 
and c 1 - 5 3 - b 1 = 125 - 4 = iai = 11% and 

x = Vc + b — c-b = 13-^9 =; *2712508 the root 

of the equation x 3 — 3^ b z - c l . x = ib or 
a? 3 + y ^117 . x = 4. And as b is lefs than c, this'equa- 
tion belongs to the two feries in the latter cafe for find¬ 
ing the leaft root. Hence, the terms of the two feries 
agreeing with the pofitive and negative terms of the fe¬ 
ries in Art. 106, they will ftand thus; 


By 



8 *d fhjtoite Server* 
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By tlfd fft feirfetf 

A =*3333333 
C = *6000330 

•3333663 - fog. 1'tfl.Hp.rt 

ii - * - CfwsSB'afo 

V 121 

(tries rs..— *5392000 
X = + *2712508 


> 73*7499 


By the £d fcriei 

B r= *0020406 
I? 22 *0000007 


•0020413 - - fog, 5*309906® 

±L ± * 3 /ii? . 

V 121 


- 0*208828* 


feries n -F *0033016 - 3*5^735° 

& = - •#71250®' 

-p- *2679494*'the kaft root? I r =2 *2679492 tfccr fsrine roof^ 

Agreeing with: the feme root found in Ex^4. Art. 106. 

131* But the lame root has been found to be 

- a + 3 itt Art. 59, and hence we obtain the fums of 

thefetwo particular feriesy ttousy 

=>A. + + &c. 

•g v 3. 3 * 0.4 * x 2 * 1 5 • 11 

^13-^9- J + 3/ t - t - »•<•»* 4. , 

8 v 3,6.9* i* 1 3.6.9.12.13. iB.ai.ii^ * 

13 a. Alfo by taking the fum and difference of thefe 
two, we have 

& *—J_ _Lf A* $ * a * .. j_ ^ » 5* ^ * 1 I T *. 2 T -4 x &- r 

' Vi X J j\6.9. n* 1 ' 31,6^,4 . V2 . 15.1 

x . u d ** .4 

8eCr 


J/ l4l ± 

iai } 3.6.9 .ii 3 


2 , 8 , tt , 3 4 

3.6 r . 9 7T2TT7T ii* 


And this laft expreffion agrees with what was found in 
Art. 108. 


N n n a 


133 * Ex. 
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133. Ex. 2. Again in the equation x i - gx = - io, 
we have zb = - 10, and 3^ b % + c z - 9; confequently 
b = - 5, and c 2 = 3 s - b l =27-25=2, which being 
lefs than b l or 25, this equation belongs to the firft clafs 
of feries, or that for the greateft root. Now 
x = \/b + c + -yb - c = &- 5 + V z -r v 7 — 5 — V^2 

= — y $ — y z — y $ + y z 

= - >^3’5 8 578864 - ^6*41421356 
= - 1*530600 - 1*858009 = - 3*388609 = the 
root of the-equation x* - ^b* - c\x = 2^, or 
x* - z.x.x~- 10. And the terms of the two fe¬ 

ries are found as in Art. 11 o, namely 1 - - i f ? * .. 8 ^ - &c. 

=a-c-e- 8cc. =*9997359, and 8cc. = b + d + 8cc. 

= *0089009. Alfo 4 yb = 4 y - 5 = - 4^/5 = - ^320. 
Then 


By the iH feries 

*9997359 - l°g* i*999 88 54 
— ^320 - - ■*» 0*8350500 

ieries = — 6*33809^ - 0*8349354 

X = + 3*388609 

— 3*449489 the greateft root 


By the 2d feries 

•0080009 ~ log. 3*9494339 
— A^320 - • 0*8350500* 

feries rr — *060881 - 2*7844839 

X ~ - 3*3 886o 9 

— 3*449490 the fame root. 


And thefe values of the greateft root are nearly the fame 
with that found in Art* 110, 


134. But 
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134. But in Art. 61, the fame root was found to be 
— 1 — \/ 6 f hence we obtain the fums of thefe firft two 
particular feries ; and by the addition and fubtradtion of 
thefe two arife the other two following them, namely, 

14 </6j- ^<5 4 - V2 + - Vs _ _ * • 5 • 8 • £_ _ gj- c< 

4^5 - 3.6.9.12. i* 

t + V6 - fit , + Vi - ^ _ 2 * 2 . * • 5 • 8'. 11 • 1*. 2 5 , 5r „ 

-*- Wi ' - S .6. S * + *.6. 9 .ia.i J .,8.s‘ + CCC * 

1 + a/6 _ 2 -J_ 2 -5- 8 - 2 * . 2.$.8.11.14.2 3 _ 

2^5 ~ 1 + 3.6.5 s 3 ... 6 . 9 .i 4 .s 4 3.6.9.12.15.18..5 6 

^ + ✓24-'^- — t _ 2,2 - 2 -J - 8 - 2 V _ g— 

^5 3 - 6 - S‘ 3 • 6 9 - 12 - 5 4 

And the laft but one of thefe equations agrees With one 
found in Art. 11 a. 

135. Ex. 3. Alfo in the equation # } - 12# = 9, we 
have a£ = 9, and v'V + c 4 - 4; confequently b =.x, and 

= 43 - = 64 - A* = xp., which being greater than 

b 1 or this cafe belongs to the fecond clafs of feries, 
or that of the leaft roots. Now here x = c +Z>-v 7 = 
- J / V . l 2} ^2 = ^/i 1*114378 2*114378 * 

3*33,16619- 1*2534950 = *9481669 = the root of 

the equation x 3 - 3V 7 b~ -c 1 .x = ib or x l + 3 d 7 !- 7 .x-g. 
And the terms of the two feries being found as in Art. 
03, namely, a + c +e + 8cc. = *34051, and b + d + f +* 
See. 5: *03,071, alfo being = we fhall have 


By 
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£jp the. iH fertet 

♦3405s - log. *‘33**299 

m m ©7082798 
# 35 * ___ 

ferie* rr - 273944*: - 02404097 

X £? + 0*948167 

— *791274 the leaf! root j 


Bjr the latter feries 

•03071 - lag., 2*4872798 

^fo- • * ■ °'708a^» 

feries rr + *1568772 - ri9S5596 

X 3= — *9481669 

— 7912898 the fame root 


Which nearly agree with the fame root found in Art. i r 3. 
136. Butin Art, 6a the fame, root was:found to be 
hens® then w« fhalt have thefe. firft two follow- 

ing equations, and by means of their film and' difcrt- 
enee we obtain the other two 1 


vfaot/ 7.+ 36^ y ; ai - 

' ” 7 * "~~*~ 


^-•350: 


^2 0^7 4-36^^20^/7^-36^4/2 1 -f 3 3/- Cft — 

'74* ^ 3r5r*X “*• 5.6.9. 175; 


L+^s*g£. SUtr 

2 .5.8l 


+ 8cc, 


r 2.5.81. 

O S’ 4 “ - — 7---- 

3 3*6.9.173 


2 • 5 • 9 *. ri . fri* 


#-?o,y7 4 - 36 ~ # 3 ° vf 7 f 
36 

ygt~3 y «. 1 2 u. 5 -. 8 r _ 

$6 T33 3 3.61.9.175 3.6.9.12.15.175 

And the laft of thefe agrees with one found in Art. n 5. 
137. Ex. 4. In the equation a? 3 '- t $ x - 22> wehave 


+■ fee, 

T * &C. 


2# = 22, and = 5 j confequently £-11, and 

< ,l = 5 3 -^ 1 = 125 —• 1 a 1 = 4, which being lefs than b* or 
lai, this belongs to the firft clafs of feries, or that for 
the greateft root. 


Now 
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Now ic ■s =^13 + ^9 = 4 * 43 i 4 i 86 = 

the root of the equation x 1 - 3^ 117.x » a a. And 
the terms of the two feries being found as in Art. 117, 
we have the firft = a - c - &c. = 1 - *0000450 s 
•9999550, and the fecond =b + n + 8cc. = *0036731 + 
*0000008 = *0036739. Alfo 4^ = 4^ / i t =^704. 
Hence, 


By the ift feries 

*999955° - l°g* 7-9999805 

^704 - - - 0*9491909 

feries = + 8 8955200 - C9491714 
X = — 4*4314186 

+ 4-4641014 greateft root 


By the 2d feries 
*0036739 - log. 3*5651273 

^704 - - - 0*9491909 

feries == + *0326827 2*5143.18.2 

X = + 4*4314186 

+ 4*4641013 the fame root 


Which nearly agree with the fame root found -in 


Art. 117. 

138. But in Art. 64, the fame root was found to be 
I + \/i 2 - 1 + 2\/3, hence we obtain thefe two firft 
equations following, and their fum and difference give 
the other two: 




-i 


4 ^» 

a + — ^13 — ^9 _ 

43.6.11 


2 , 5 . 8., I 4 2.5,8.11.14,17 .30.2 8 

3.6,9.12 .11 4 3.6.9.12.13.18.21.24.11 

2.2* 2 . S . 8 . II . 14.3* 


-See. 


£j3+_^9 - T . 

2*y 11 

i + v'n-, 

“177r - 1 + 


3.6.11* 
2 , 2 * 
3.6.11 1 


3.6.9.12.15 7x8 . I l fi 
2.5,8.2* 2.5.8*11.14.2* 

3.6.9.1 2.I I 4 3.6.9.12.15.18.11 s 

2 5 . 8 . 3 4 


+ &c. 

3-&C. 


+ 3 S-S* 11 * 1 ^ 6 _ + %T C ' 

3.6.9.1a. II 4 3.6.9.12.15.18.II 6 


The laft of which .agrees with one found in Art. 119. 

And 


2 
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And thus we may find the fums pf as many feries of 
thefe kinds as we pleafe ; as well as the fum of any of 
the general feries, by means of the roots of given cu¬ 
bic equations. As to the fummation of other forms of 
feries by means of the roots of equations of other or¬ 
ders, I lhall perhaps treat of them on fome future oc- 
cafion. 



